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Abstract 

Rietveld's profile refinement method applied to the 
neutron powder diffraction data of cubic ND4NO 3 
cannot distinguish between the two best orientation 
models put forward by Shinnaka [J. Phys. Soc. Jpn 
(1959), 14, 1073-1083] for rigid NO 3. The direct 
multipole analysis of the nuclear smearing functions 
yields a model with the values B+ = 11.5 and B_ = 
14.3 ,/k 2 for the molecular Debye-Waller factors and 

0 . 9 9  and 1.23/t, for the N - D  and N - O  bond lengths 
with additional fourth-order multipolar coefficients to 
describe the deviations from molecular free-rotation. 
The fourth-order multipolar components are signifi- 
cant. They support the two equivalent orientations 
model for rigid ND4 + tetrahedra with librational ampli- 
tude ( 0 2 )  1/2 = 13.0 °. While the fourth-order multi- 
polar coefficient of NO3 represents well the experi- 
mental information, its value cannot be explained by 
any rigid model for NOj- but only by an octahedral 
statistical coordination. This rules out the eight-orienta- 
tions model and gives a slight preference to the twelve- 
orientations model. 

1. Introduction 

This work is part of a project started recently to study 
the different phases of deuterated ammonium nitrate 
with neutron powder diffraction. Even though am- 
monium nitrate has been studied extensively, the only 
neutron diffraction experiment so far is the deter- 
mination of the room temperature structure by Choi, 
Mapes & Prince (1972). However, neutron studies 
enable us to locate hydrogen atoms more accurately 
than in X-ray studies. 

This report deals with the structural details of the 
high-temperature cubic phase with CsC1 structure 
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existing between 398 and 442.5 K (Hendricks, Posnjak 
& Kracek, 1932). At high temperatures both molecules 
(ND4+,NOj -) are rotating almost freely and the phase 
transitions with decreasing temperature are associated 
with a freezing out of the rotational degrees of freedom 
(Brown & McLaren, 1962). Shinnaka (1959) studied 
the molecular rotations in the cubic phase. He studied a 
number of different rotational modes - the term 
rotation includes both dynamical rotation and 
statistical disorder. In all the models the nitrate group 
was thought to preserve its planar equilateral triangle 
form. In particular, two models of hindered rotation, 
namely with eight and twelve equivalent orientations, 
were put forward. The latter model was preferred as a 
more reliable one as it explained most of the disk-like 
maxima observed in the diffuse scatterings (Yama- 
moto & Shinnaka, 1974). 

In this work, when we applied Rietveld's profile 
refinement method to the neutron powder diffraction 
data, we could not find any difference between Shin- 
naka's two models. Therefore we applied direct multi- 
pole analysis of the nuclear smearing functions (Kurki- 
Suonio, 1977) to the determination of the molecular 
orientations. In this way, information was also obtained 
from the vibrations and bond lengths of both molecules 
independently. 

2. Experimental 

Ammonium nitrate was deuterated as highly as pos- 
sible from 99.6% D20. The powder was kept vacuum- 
sealed in a glass flask. Just before the measurements a 
sample of 20 g was unloaded in a He-filled glove bag 
containing P20 s, finely ground, and sealed in an air- 
tight thin-walled vanadium can of diameter 16 mm. 
Refinement of the room-temperature data confirmed 
that the deuteration was very successful. Neutron 
diffraction measurements were made on the powder 
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diffractometer (D 1A) at the high-flux reactor in the ILL 
(Grenoble) using the wavelength of 1.90818 /~. Un- 
fortunately, the furnace was not designed for tem- 
peratures below 473 K and therefore we do not know 
the exact temperature. 

DIA consists of a bank of ten 3He high-pressure 
counters with 6 ° angular separation (Hewat & Bailey, 
1976). In the measurements described here we used the 
intensities from seven counters merged together, with 
the counter bank sweeping through 28 = 0 to 160 °. 
From the observed profile, shown in Fig. 1, two 
qualitative features can be seen. First, the intensity of 
the reflections decreases very quickly with 20, indi- 
cating almost free rotation of the ammonium and nitrate 
groups. Secondly, there are strong diffuse scattering 
peaks, e.g. below the (110) reflection, which also are 
due to the rotations of the molecular groups. 

3. Structure of cubic ND4NO 3 fi'om profile refinement 

The space group of the cubic phase is Pm3m with the 
centre of the ammonium group at (000). The nitrogen 
of the nitrate group lies almost at the body-centre 
position but according to Shinnaka (1959) it is slightly 
displaced. 

For the starting model to be used in the profile 
refinement (Rietveld, 1969), we supposed that the four 
deuterium atoms occupy two sets of crystallographic- 
ally-equivalent positions of tetrahedral symmetry cor- 
responding to a disorder between energetically equiva- 
lent orientations. This is the same arrangement as 
found e.g. in cubic NH4CI (Yelon, Cox & Kortman,  
1974). For the nitrate group we used Shinnaka's  
models with eight and twelve orientations. The cor- 
responding atomic positions are given in Table 1. 

In the refinement two sets of parameters were 
refined; those describing the characteristics of the 
diffractometer and those describing the crystal struc- 
ture. The former group consisted of five parameters; the 
counter zero point, the three half-width parameters and 
the asymmetry parameter. The structural parameters 
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Fig. 1. Neutron powder diffraction pattern of cubic ND4NO 3 
(logarithmic scale). 

refined were the scale factor, the lattice constant, the 
fractional coordinates - four for the eight-orientations 
model and five for the twelve-orientations model - and 
the isotropic thermal vibrational parameters B for each 
atom. The scattering lengths used were gs  = 9.4, go = 
5.8, and go = 6.38 fm (Bacon, 1972). 

With the eight-orientations model we could not allow 
the displacement parameter of nitrogen atom u~ to vary 
freely because of its high correlation with the oxygen 
parameters. For similar reasons, in the twelve- 
orientations model we had to fix w~ and w 2 and 
constrain the values of v 3 and w 3 so that the angle 
O - - N - O  = 120 o. 

Table 2 gives the values obtained for the displace- 
ment parameters and temperature factors. The given 
reliability factors are calculated from the equation 

E lYob~ - Y¢.,¢1 
i 

R1.Ro r = 100 %. 
Z Yobs 

l 

where y~ is the intensity at an angle 0~ in the diffraction 
pattern and the summation is made over all the 
measured positions i. Shinnaka's  results were cal- 
culated supposing the nitrate group to have a N - O  
distance of 1.22 A. From the profile refinement the 
interatomic distances were, before correcting for 
thermal libration: 

for eight-orientations model: 

N - O  1.261 (1)/k N--D 0.957 (7)/t, 
O--N--O 111.0(7)  ° D - N - D  109.5°;  

for twelve-orientations model: 

N--O(1) 1.218 A N - D  0.994 (5)/~, 
N--O(2) 1.374 (10)/~ D--N--D 109.5 ° 

O - N - O  120 °. 

Table 1. Coordinates of  the atoms in the space group 
Pm3m after Shinnaka's (1959) models 

Displacements are denoted by u, v and w. 

Eight orientations of 
NO 3 group 

x y 

N(I) 8g u I u I 
O 24m u 2 u 2 

z 

u~ N(1) 6f  
w 2 O(1) 6f  

0(2) 24/ 

Tetrahedral coordination of 
ND 4 group 

x y z 

N(2) la 0 0 0 
D 8g u 4 u 4 u 4 

Twelve orientations of 
NO s group 

x y z 

½ ½ w, 
½ ½ w2 
½ /23 w 3 
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We also tried to refine both models with the nitrogen of 
the nitrate group fixed at the body-centre position. In 
both cases the NO 3 group was then badly distorted 
from the planar equilateral triangle. 

On the basis of the results from the refinements we 
could not distinguish between the two models. For both 
models the R values were low and equal, 0.017; the 
bond lengths and angles were reasonable; and there 
was no clear difference between the observed and 
calculated profiles in either case. Fig. 2 shows the 
observed and calculated profiles; the corresponding 
structure factors are given in Table 3. 

4. Direct multipole analysis of molecular orientational 
distributions 

Once the neutron structure amplitudes Gj of the crystal 
are known, the analysis of molecular orientations can 

Table 2. Displacements u, v and w for  the eight- and 
twelve-orientations models obtained by Shinnaka 

(1959) and f rom the profile refinement 

Eight-orientat ions model  

Shinnaka (1959) 

u~-- 0-554 
u 2 = 0-44 

Profile refinement 

ul = 0 .5179 
u 2 = 0 .4570  (36) 

u 4 - 0 .1265 (9) 

B ( N I ) =  13 .0(2)  A 2 
B(O)  = 13.8 (5) 

B(N2)  = 13.2 (3) 
B(D)  = 14.3 (3) 

a = 4.3655 (2) A 

RpRoV = 1 .7% 

Twelve-orientat ions model  

w, = 0 .55 w 2 = 0 .784  
w 2 = 0 .782  v 3 = 0 .768 w 3 = 0-41 

w 2 = 0 .7936 (I 7) 
w t = 0 .55  w 2 = 0 .829  
v3 = 0 - 7 7 2 5 ( 2 0 )  w 3 = 0 . 3 9 2 5  

u 4 = 0. 1248 (6) 

B ( N I ) =  13.0 (2) A 2 
B ( O I ) =  11.9 (8) 
B(O2)  = 10-5 (8) 
B ( N 2 ) =  11.6 (2) 
B(D)  = 14.0 (3) 

a = 4 .3655 (2) A 

RpROt = 1.7% 
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Fig .  2. O b s e r v e d  p ro f i l e  o f  c u b i c  N D a N O  3 w h e n  the b a c k g r o u n d  is 
s u b t r a c t e d  ( l i nea r  sca le) .  T h e  d i f f e r e n c e s  o f  t h e  o b s e r v e d  a n d  

c a l c u l a t e d  v a l u e s  a r e  d e t e r m i n e d  o n  t h e  ba s i s  o f  t h e  e igh t -  
o r i e n t a t i o n s  m o d e l  fo r  NO~-. 

be based on direct study of the nuclear distributions. 
Such a method using multipole expansions around the 
molecular centre has been introduced by Kurki-Suonio, 
Merisalo, Vahvaselk~i & Larsen (1976) and applied to 
cubic NH4CI. 

The density function 

1 
s(r) = --~ Z Gj exp (-2xiSj .  r), (1) 

corresponding to the scattering amplitudes Gj, is the 
weighted sum ~ g . z . ( r  - r,,) of the statistical nuclear 
distribution functions r.(r) of all nuclei. The weight g. 
is the neutron scattering length of the nth nucleus. In 
studying molecular orientations it is appropriate to 
treat it as a sum, 

s(r) = Z s . ( r -  r.), (2) 

of contributions s.(r) of the molecules rather than of 
the single nuclei. Thus, in the present case the sum (2) 
consists of two kinds of distribution functions cor- 
responding to the two molecules. Separated into their 
nuclear contributions they can be written as 

s+ (r) = gNrNO)(r) + 4gDrD(r), (3) 

S_ (r) = gNZN(2)(r) + 3goZo(r), (4) 

where the nuclear distributions have the normalization 

f r.(r) d 3 r = 1. 

Each molecular contribution s.(r) and its Fourier 
transform e.(S) can be expressed as a site symmetric 
multipole expansion 

s.(r) = ~ s~.(r)Kt.(O,~o), (5) 
lv 

o.(S) = Z eTv(S)Kiv(Ss,  tPs), (6) 
Iv 

in the spherical coordinates r, 0, tp and S, 0 s, tp s of real 
and reciprocal space, respectively (Kurki-Suonio, 
1977). In the present case the expansions involve the 
cubic harmonics Kt.(O , ~p). 

If the distribution function s . ( r -  r.) of the nth 
molecule is spatially well-separated from those of the 
neighbouring molecules, the radial distribution s'/v(r) is 
readily obtained by expanding the Fourier series (1) as 
a multipole expansion around r.. This yields 

4~z(-i) t 
s" tr~ - - -  Z Gjexp ( -2xiSj .r~) j t (ZrtSjr)  

Irk I VA lv  J 

x Kt.(Oj, tpy), (7) 

where ,jr(x) is the spherical Bessel function of order l, 
A1. = f Kt2 dfl ,  and Sj, Oy, ~oj are the spherical 
coordinates of thejth reciprocal-lattice vector. If all the 
molecular distributions s,,(r) and no contribution from 
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the neighbours lie within a radius Rn, this expression for 
r < R~ gives a true representation of s~(r) in form of the 
site symmetric multipole expansion (5). 

The molecular radial scattering amplitude al~(S ) is 
the lth-order Fourier-Bessel transform of sT~(r). It is, 
thus, obtained from (7) through 

ot~(S) = 4zrit f s'~v(r)jt(21rSr)r2dr 
o 

16~r2R~ 
- ~ Gj exp (-2zriSj. r,,) 

VAry J 

X Xjl+I(X)jl(Xj)-- xjjt+l(Xj)jt(X)KIv(Oj,~Oj) , (8) 
X 2 -- X 2 

where x = 2~rR~S = 4nR~ sin 0/2 and xj = 2rd~ nSj. 

The series (7) and (8) give the possibility of 
calculating the radial distributions sr~(r ) and scattering 
amplitudes ot%(S ) for each molecule separately, directly 
from the experimental structure amplitudes Gj. In the 
case of large thermal amplitudes, the multipole expan- 
sions (5), (6) converge rapidly and yield a simple 
description of the nuclear distributions. Moreover, in 
case of rigid molecules this description of the thermal 
motion in spherical coordinates around the molecular 
centre is much more appropriate than a representation 

in terms of vibrations of the single atoms around their 
equilibrium positions. 

For the present study the experimental structure 
amplitudes Gj were taken from the results of the 
preceding profile refinements (Table 3). The refinement 
is understood to put them on an absolute scale, to make 
all necessary corrections and to define their correct 
signs. This is naturally model dependent. Therefore, the 
analysis was made with both sets of experimental Gj 
obtained using the two Shinnaka models. All differ- 
ences in the results were, however, an order of magni- 
tude smaller than the direct experimental uncertainties 
and not visible in the scale of figures representing the 
results. 

As the reference model for difference series cal- 
culations, we took a crystal composed of freely-rotating 
rigid ND + and NO~ groups in their ideal positions with 
N--D and N - O  bond lengths r m and r02 and in 
harmonic vibration corresponding to the Debye-Waller 
factors B+ and B_, respectively. The model structure 
amplitudes are, thus, 

G j=  a+ (Sj) + o_(Sj) exp t~ri(h + k + l)l, (9) 

with 

a0+(S) = [gr~ + 4g~0(2nrm S)] exp ( - B  + $2/4),(10) 

°o(S) = [gN + 3goJo(21rro2S)l exp ( -B_ $2/4).(1 I) 

Table 3. Compilation o f  the structure factors  

The experimental structure factors, Gobs(12), and those calculated 
on the basis of Rietveld profile-refinement method, Gc~lc(RM), have 
the signs and splitting of  the overlapping reflections determined 
according to the twelve-orientations model. Gc~c(0 ) are calculated 
from the zeroth-order components of the radial scattering 
amplitudes from (10) and (11); in Go.it(4) the fourth-order com- 
ponents are also taken into account. 

h k l Gobs(12) Gc.~c(RM) Gca~c(0) Gc.~c (4) 

1 0 0  0.71593 0.69868 0.75444 0.67233 
1 1 0 2.39417 2.38848 2.47109 2.44635 
1 1 1 0.78067 0.77842 0.44829 0.71319 
2 0 0  1.17666 1.16546 1.00870 1.17939 
2 1 0 0.01160 0.08728 0.18926 0.07113 
2 1 1 0.40730 0.41456 0.46309 0.42594 
2 2 0 0.32624 0.35464 0.26963 0.24957 
3 0 0 ~ - 0 . 6 0 3 3 4  -0 .60049  -0 .02254  -0 -55314  
2 2 1 ] 0.18530 0.18443 - 0 . 0 2 2 5 4  0.23293 
3 1 0 0.22715 0.25078 0.19921 0.20511 
3 1 1 - 0 . 0 8 2 9 9  - 0 . 1 4 6 7 4  -0 .02822  -0 .11863  
2 2 2  0.18394 0.14774 0.16574 0.19150 
3 2 0 -0 .04526  0.03026 -0 .01583  0-00403 
3 2 1 0.21203 0.17573 0.14092 0.15691 
4 0 0 0 0.05425 0.11504 0.04722 
4 1 0~ 0 0.10881 0.01197 - 0 . 0 8 5 8 8  
3 2 2 J 0 0.00999 0-01197 0.08267 
3 3 0  t 0.21494 0.16262 0.09518 0.11134 
4 1 1 I 0.06205 0.04696 0.09518 0.06347 
3 3 1 0.04700 0.00659 0.01886 0.04992 

R% 5.7 26.5 8.9 

On the basis of the preceding powder-profile refine- 
ments, the model parameters were given the values r m 
= 0.96, r02 = 1.26 A, and B+ = B_ = 13.0 A 2. 

In terms of the multipole expansions (5), (6), both 
molecules in the model contain just the spherical or 
zeroth-order component. A difference series calculation 
of series (8) in the zeroth order will yield deviations Ao~ 
and Ao~0 from the model, which could be due to 
erroneous values of the bond lengths, or of the Debye- 
Waller factors, or to non-rigidity of the molecule, or to 
anharmonicity of its positional distribution. In the 
higher orders we just get the experimental estimates for 
a[~ and a~ which represent the deviations of the 
molecular distribution function from sphericity and 
will, thus, show the nature of the librational motion. 
The radius R n in (8) was taken as half the distance of 
neighbouring ions, or R+ = R_ = 1.90 A. The resulting 
radial scattering amplitudes A ~  and Ao'//~ are shown in 
Fig. 3 with error bars referring to the statistical errors 
of the experimental G i. 

5. Discussion and conclusions 

It is obvious from the results that the experimental data 
indicate significant deviations f rom the spherical-ion 
model only in the fourth-order multipole component. 
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The molecular scattering amplitudes can thus be 
represented as 

a+(S)=ag(S)  + a~(S)Ka(Os,es), (12) 

where o~ and o o are given by the spherical model 
values (10) and (11), respectively, and oS(S)  and 
a2(S ) are given by the corresponding curves in Fig. 3. 

N< 

-1 

-2 

X -U' 7 

t 
0.2 04 06 0.8 10 

S = 2 s~.~O (,~,-1) 
(a) 

r 
(fro) 

NO 3 

- 

] 
- / \ ' , , ,  - 

0.2 o ¢  

S = 2 s i n O  (~-1) 
,t (b) 

-1 

Fig. 3. Radial scattering amplitudes Ao[ for (a) NDg and (b) NO 3. 
The experimental values (solid line) are calculated from (8) using 
(10) and (11) as reference models. The error bars refer to the 
statistical errors of the experimental structure factors G/. The 
theoretical curves (broken line) are calculated from the model 
(16) with the parameters of Table 4. 

Since o4 + is negative, the orientational distribution of the 
deuterons in ND4 + has the nature of--K4(O,~), with 
maxima in the [ 111 ] and symmetry-related directions 
and minima in the [100] and related directions. This 
confirms the known dominance of the two symmetry- 
related tetrahedral orientations of ND4 +. 02 is positive; 
therefore the orientational distribution of the oxygens in 
NO;-has maxima in [100] and minima in [111] and 
related directions, such as K4(0,(o). This gives clear 
preference of the orientations in the 12-orientations 
model over those of the eight-orientations model. 

A more detailed interpretation of the results becomes 
possible through a closer study of the multipole 
expansions (5), (6), corresponding to rigid molecules. 
In a non-vibrating molecule, N similar nuclei (with the 
scattering length g) at the distance of a given bond 
length r 0 from the centre of the molecule yield a density 
contribution 

c~(r-- ro) 
s(r) = Ng f(O,(o). (13) 

4 ~r 2 

Here f(O,(o) is the angular distribution of the nuclei 
around the centre normalized to ff(O,e)d£~ = 4zt. It 
can be written in the form of a site symmetric multi- 
pole expansion 

f(0,(0) = 1 + ~ cttKh,(O,{o), (14) 
/>o 

where 

f K,,,(O,~o)f(O,~o)dO 
ctt= f[Kt,,(O,~°) 12dD (15) 

The corresponding expansion for the molecular scatter- 
ing amplitude is the Fourier transform of (13) or 

a(S) = Ng[jo( 2rtSro) + Z ilc h, jt( 2rtSro)K t,, ( Os' ~s )1" (16) 
1>o 

If we allow for harmonic vibrations of the molecule this 
contribution should just be multiplied by the correspon- 
ding Debye-Waller factor. 

Interpretation of the experimental curves for a" It, 
presented in Fig. 3 involves in the first place com- 
parison with a model composed of rigid molecules in 
harmonic vibration and with an orientational distri- 
bution independent of the vibrations. For the spherical 
component this brings us back to (10) and (11); for the 
non-spherical ones we have, according to (16), 

cr/,(S) = 4g o itct,,jt(2rcSrol) exp (--B+ $2/4), (17) 

,77t,(S)= 3goitCh,jt(2rcSroz) exp (-B_$2/4) .  (18) 

Comparison of the experimental curves (Fig. 3) with 
these model curves shows a very good fit in the general 
behaviour. The spherical components give information 
on the bond lengths and Debye-Waller factors in- 
dependently of the orientational behaviour. After slight 
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adjustments of B+ and B_ we find that the positions of 
the maxima in both o 0 and 04 indicate consistently 
small changes of the bond lengths. Then c4 + and c~- are 
adjusted to produce the final fit of the model to the 
experimental curves. The resulting parameters are listed 
in Table 4 and the corresponding model curves are 
shown in Fig. 3. We conclude that the experimental 
data do not indicate any significant deviations from our 
model. 

In Table 3 the structure factors calculated in 
different ways are compared. The reliability index, 
defined by 

IIGob, I -  I Gc,~cl I 
R = x 100% 

I Gob s I 

shows a large drop from 26.5 to 8.9% when the fourth- 
order components of the radial scattering amplitudes 
are taken into account. This shows that the two 
parameters c 4 represent very well the deviations from 
the spherical model. When compared with 5.7% 
obtained from the profile refinement one has to note 
that this value is reached by a simultaneous refinement 
of a total of thirteen parameters and ours is a result of 
just a direct calculation of two parameters indepen- 
dently of each other and of any other parameter. A 
refinement of our parameters, together with the Debye-  
Waller factors and bond lengths and with the necessary 
external parameters, is obviously possible and would 
yield a better fit. The program used for the powder 
profile refinement did not, however, allow immediate 
application of this model. 

Table 4. Values of parameters in cubic ND4NO 3 from 
the multipole analysis 

ND~" NO~ 

B+ = l l . 5  (1) A 2 B_ = 14.3 ( l )  A, 2 

rN_ o = 0-99 ( l )  A rN_ o = 1.23 ( l )  A 
c~- = - 2 . 6  (5) c~ -- 4-4 (5) 
c6 + = + 1  + 2  c ~ = + 2 + 2  
c~ = 0 .2  + 0 .2  c~ = - 0 . 3  + 0.3 

Table 5. Values of  the multipolar coefficients Clv for 
different non-librating molecular orientation models 

Model  c 4 c 6 

N D  + 

Tetrahedral  group - 3 . 5  5. l 
Tet rahedra l  group - 0 . 8  2.0 

with rotat ions around N - D  

NO~- 
Twelve orientat ions 2-0 - -0 .9  
Twelve orientat ions with 0.7 2. l 

ro ta t ions  around N - O  
Eight orientat ions - 1.3 1.5 

2.6 
- 1 . 1  

- 3 . 5  

The parameters c ± obtained give already a complete h, 
description of the orientational distribution of the 
molecules as indicated by the data. Absence of all 
higher than fourth-order moments indicates strong 
librational motion, which cannot be well approximated 
by any model based on fixed atomic positions. To make 
the result more concrete we list in Table 5 for 
comparison the multipolar coefficients for some specific 
orientational models. The relevant principles of cal- 
culation are presented in the Appendix. 

Interpretation of the experimental values of cry in 
terms of a rigid molecule librating around a fixed 
orientation requires that the ratios C °bs/t'm°del Iv "'Iv can be 
identified with the libration factors a t in (A9), (A 10). 
Thus, they have to be positive and < 1 and, moreover, 
fulfil (Al l ) .  

For ND 4, c~ bs is obviously consistent with the 
normal tetrahedral coordination giving a 4 = 0.74. 
According to ( A l l )  this corresponds to the r.m.s. 
angular amplitude fl = 9.2 °, o r  (U2L) 1/2 -~- rN_~Dfl= O" 16 
A for the libration. Further, this amplitude would give 
a 6 -- 0.46, a 8 = 0.07, c 6 -- 2.3 and c a = 0.2 which 
within the error limits agree with the insignificance 
of the corresponding experimental values. 

As to NO 3, the experimental value c 4 = 4.4 is much 
too large to be explained by any fixed-orientation model 
of a rigid NO 3. Shinnaka's twelve-orientations model 
gives the maximum possible value of c 4 for such 
models. This is still less than half of the experimental 
value. From the behaviour of K 4 it is obvious that only 
a high concentration of the oxygens at the octahedral 
orientations (100) makes such a high value of c 4 
possible. A complete octahedral coordination would 
correspond to c 4 = 5.25. This, however, is impossible 
for a rigid NO 3, particularly as the observed distance, 
1.23 A, of the oxygens from the centre corresponds 
well with the normal bond length of NO 3 . We could not 
find any indication of the nitrogen atoms having 
orientational distribution around their central position. 

A P P E N D I X  

Calculation of  multipolar coefficients cry for some 
molecular orientationai models 

The angular distribution function f(8,tp) of N similar 
nuclei at a distance r 0 from the molecular centre is 

cs defined by (13). For any given orientational model, the 
calculation of multipolar coefficients c/v in (14) is in 
principle straightforward through (15) since f(O, tp) is a 
known function. We can always write 

2.5 1=1 
whereft(0, ~p) is the angular distribution of the ith atom 
in one of the possible symmetry-equivalent orienta- 
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tions of the molecule and ~¢ means site symmetrization 
(i.e. averaging over all symmetry-equivalent orien- 
tations). Substitution in (15) yields immediately the 
coefficients as a sum of contributions from the 
individual atoms 

1 N 
N N Z fKh,(O, eP)fi(O, eP)dn 

ct ~= ~ c i ,=1 (A2) 
i v  = " 2 i=l .I Kh, df~ 

The symmetrization is automatically taken into ac- 
count by the symmetry of the harmonics K t .  

(a) Fixed orientation 

If the ith atom in its basic position has a fixed 
orientation in the direction 0~, tpi, then 

~ ( o -  oi) 
ft(O, tP) = 4 x  ~ (~ -- ~0i) , ( a3 )  

sin 0 

and 

( 4 n/ N )K  t. ( Oi, ~o,) 
C i - -  t~ -- (A4) 

.f Kt2,, df~ 

(b) Rotation about a f ixed axis 

If the molecule in its basic orientation is in free 
rotation about an axis in the direction 00, tp0 through the 
molecular centre, then 

6 ( 0 '  - ~i)  
f~(0, ~0) = 2 (a5)  

sin 0 '  ' 

where 0' is the polar angle with respect to the rotation 
axis and a t is the value of this angle for t he / th  atom. 
We then have 

(4x/N)Kt~ (Oo, ~o)Pt(cos ai) 
c~ v -- (A6) 

f Kt2v d n  

(c) Isotropic Gaussian libration 

If, in the basic orientation of the molecule, the ith 
atom is performing small harmonic librations about its 
equilibrium orientation, 0t, tp~ isotropically in all angular 
directions, we can make use of the distribution 

2 0' 
.f/(0,tp) f 2 ( 1 - - e )  exp ( - 0 ,  2/2#2) s in0 '  ' (A7) 

where e = exp (--Tt2/2fl 2) and 0' is the angle measured 
from the direction 0t, tpt. For this distribution the r.m.s. 
angular amplitude is 

7t 2 /~ ) 

(0  '2) = Eft 2 1 Eft 2 1 -- e " (AS) 

In the limit fl ,~ zr it is a Gaussian distribution with 
(0  '2) = 2fl 2. This yields, for the multipolar coefficient, 

• (4_~) Ktv(Oi,~oi) 
Clv= f Kl2v df~ at(fl)' (A9) 

~t 

_ 1 , f exp(-OV2fl2)OPt(cos O) dO. (A 10) 
at(fl) f l 2 ( l _ e )  0 

This differs from the corresponding expression (A4) for 
the non-librating case by the factor a t. 

If, in the integral, Pt(cos 0) is replaced by its 
maximum value one this factor becomes one. This 
shows that such a libration always reduces the absolute 
value of c~. Further, if all atoms of the group librate 
similarly with the same angular amplitude, the coeffi- 
cient ct~ of the whole group is reduced by the same 
factor at(fl) which thus can be called the lth-order 
libration factor. 

For small amplitudes (fl ,~ x) only small values of/9 
contribute to the integral in (A10) and we can 
approximate 

P,,(cos 8) x Pt(1) - ½P~(1)02 = 1 - 1(l + 1)02/4. 

This yields for the libration factor the estimate 

ate_ 1--11(I + 1)/21/F. ( A l l )  

This result shows quite generally that small isotropic 
librations reduce the /th multipole components of a 
molecular distribution function or scattering amplitude 
by a libration factor a t given by (A 11). The libration 
factor a t is independent of the geometry of the 
molecule, of its orientation and of the site symmetry.  It 
decreases with increasing librational amplitude and 
with increasing multipolar order I. 
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